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Abstract
The paper describes the original model, which generalizes the Beckmann’s model of equilibrium ﬂows, taking
into account the delays encountered at the signal-controlled road intersections. Formulated optimization problems
of searching of the equilibrium distribution. Formulated and justiﬁed the task of optimizing traﬃc light modes
for the transport network in the model.
c© 2016 The Authors. Published by Elsevier B.V.
Selection and/or peer-review under responsibility of ITQM2016.
Keywords:
Traﬃc modeling, queuing theory, equilibrium in transportation network, stable dynamic model, Wardrop’s
principle, Nash equilibrium, Nesterov & de Palma model
1. Description of the model
1.1. Traﬃc on the transport graph nodes
Most models describing the motion of the vehicle on the road network does not provide dependence
of of delays arising from the moving of the network node on ﬂows near it.
Let us remind the concept of «eﬀective number of lanes» which can be illustrated by the following
example. Suppose that the vehicle ﬂow, moving along six-lane road arrived to a three-way road inter-
section (T junction). Assume that the goal of the third of drivers is turning to the left, and the aim of
of other is going straight.
In this case, the two leftmost lanes will take vehicles whose goal is to turn left. Thus, at the moment
the green light is on for forward movement, the ﬂow of vehicles won’t be maximum for the given number
of lanes as we might expect, but less by one third, meaning not six thousand but four thousand vehicles
per hour.
Let us state the following lemma:
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Lemma on the equilibrium maximum capacity on the signal-controlled road intersection. Consider con-
trolled multilane intersection with Poisson traﬃc. Consider the ﬂow of cars from one direction at a ﬁxed
traﬃc light phase. Let N — number of incoming lanes, Ni — number of lanes at target road i, S —
maximum capacity per lane , Ωi(t) — vehicle queue from incoming road to the direction i at time t ,
Ω(t) — vehicle queue at incoming road at time t, Ωa(t) — vehicle queue from incoming road, which can
continue their motion to the direction i on current phase at time t. Then expectation of equilibrium
maximum capacity on the signal-controlled road intersection on this phase in time T is:
E[S max · T ] =
T∫
0
min(S · N · Ωa(t)
Ω(t)
,
∑
i
S · Ni · Ωi(t)
Ω(t)
)dt.
Because of this lemma it was obtained the following consequence:
Corollary of eﬀective number of lanes in the absence of asymmetry queues. Consider controlled multilane
intersection with Poisson traﬃc. Consider the ﬂow of cars from one direction at a ﬁxed traﬃc light phase.
Suppose there is no queue at initial time on the crossroad.
Let q to be intensity of the incoming traﬃc, k — total intensity of vehicles from the incoming traﬃc,
which can continue their motion on current phase, S — maximum capacity per lane, N — number of
incoming lanes, Ni — number of lanes at target road i, ki — total intensity of vehicles from the incoming
traﬃc, which can continue their motion to the direction i on current phase.
Then expectation of equilibrium maximum capacity on the signal-controlled road intersection on this
phase is:
E[Smax] = min
⎛⎜⎜⎜⎜⎜⎝S · N · kq ,
∑
i
S · Ni · kiq
⎞⎟⎟⎟⎟⎟⎠ .
1.2. Description of the Beckmann’s transportation network equilibrium model
Let us describe the Beckmann’s transportation network equilibrium model.
Let the city transport network is deﬁned as a directed graph Γ =< V, E >, where V— set of vertices
(crossroads of the city), and E ⊂ V × V— set of edges (city roads).
Let W = {w = (i, j) : i, j ∈ V} — set of correspondences (in this model, we assume that the sources and
sinks coincide with the transport network nodes). Correspondence pair (i, j) means, that vehicle leaves
source i and arrives to sink j.
Let Pw — set of paths relevant to correspondence w. P =
⋃
w∈W
Pw — the set of all paths. General-
ly, the number of possible paths increases super-exponentially with increasing number of nodes. This
dependence will be close to exponential for real transport systems, but, if we discard all completely
unreasonable paths, number of paths increases approximated to quadratic.
xp — traﬃc ﬂow on path p. So traﬃc ﬂow on edge e is fe(x) =
∑
p∈P
δepxp, where
δep =
⎧⎪⎪⎨⎪⎪⎩
1, e ∈ p
0, e  p
(1)
indicates whether the path p passes through the edge e.
τe( fe) — delay on edge (τe′( fe) ≥ 0);
Let us calculate the total delay on the path p: Gp =
∑
e∈E
τe( fe) · δep.
Let dw — the number of correspondences w carried on the transport network at time unit.
X = {x  0 : ∑
p∈P
xp = dw,w ∈ W} — set of feasible ﬂows distributions on the paths.
We will minimize delays, though, in general, the delay function can be changed to cost function and
depend not only on time but also on fee for toll roads and so on. We can assume that the cost function
is increasing and smooth. Also, to bring the problem to problem of convex optimization, later we will
use their convexity.
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Consider a game in which each correspondence at the same time seek to realize a set of players. Pure
strategy of this potential game will be path of player and prize — the value which is opposite to total
delay of player in this path: −Gp.
Unlike the search of Nash equilibrium, the search of Wardrop equilibrium based on the fact that
each player, because of the fact that their number is large, ignores the fact that a change in his strategy
inﬂuence the macroscopic state of the system.
Thus, we can search for a general solution not based on the fact that the components of the vector
X are integers.
Deﬁnition. Distribution of traﬃc ﬂows x = {xp} ∈ X is Nash equilibrium (Wardrop equilibrium) in game
〈{xp} ∈ X, {Gp(x)}〉, if from
xp > 0 (p ∈ Pw) follows Gp(x) = min
q∈Pw
Gq(x).
Or, that the same:
for each w ∈ W, p ∈ Pw performed xp · (Gp(x) −min
q∈Pw
Gq(x)) = 0.
Note that this game belongs to the so-called potential games.
This means that in this case exists such a function
Ψ( f (x)) =
∑
e∈E
fe(x)∫
0
τe(z)dz =
∑
e∈E
σe( fe(x)),
that ∂Ψ(x)
∂xp
= Gp(x) ∀x ∈ P
Theorem 1. Game 〈{xp} ∈ X, {Gp(x)}〉 is potential.
Equilibrium x∗ in this game always exists and can be found by solving the problem of convex opti-
mization
x∗ ∈ arg min
x∈X Ψ( f (x)).
The proof of this well-known theorem can be found, for example, in [2].
The equilibrium distribution is established within a few iterations: the player is usually focused on
the cost of yesterday and chooses the path, based on the optimal strategy of the previous day with
adscititious ﬂuctuations, determined by the Gumbel distribution.
Note also that the resulting equilibrium does not always Pareto-optimal, for example, exists so-called
Braess’s paradox and so on.
1.3. Description of used modiﬁcation of the original model
Let us generalize the model described above as follows:
Let us modify the model by introducing delays on the nodes.
We carry out a «deployment» of the considered transport network. Each node where n roads intersect
we will transform to the subnet of the n nodes and set of edges corresponding to all possible crossings of
this node, depending on road markings at the intersection and direction of adjoining roads. For example,
if permitted movement in all directions, in the considered subnet will be 2 · C2n edges. Of course, the
resulting graphs are not necessarily planar.
Generally, delays on emerging «deploying edges» depend not only on the ﬂow on the edge, but also
on «adjoining» ﬂows. Let the node v was deployed, and there are a set of its outgoing and incoming
edges Ev. Then delays on this node depends on set of directions in which it can be crossed and can be
described as τiv( fEv ), where i characterizes the direction of crossing this node. These delay functions are
diﬀerent and individually depending on the type of junction and its capacity.
On these functions, consider the case of convexity for each of the variables used. The delays function
for the case of intensive ﬂows were explicitly expressed in [4].
We will solve two problems:
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1. The problem of the search of Wardrop’s equilibrium in expanded transport network.
2. The problem of minimizing the total delays for the found equilibrium by establishing traﬃc light
modes on the network nodes. In this case, the equilibrium can change.
2. Problem of equilibrium distribution of traﬃc ﬂows for the generalized Beckmann’s model
To simplify the implementation of the model we will redeﬁne the Beckmann’s model in case of
extended transport network on the condition that delays on the edges are as follows:
τe( fe) и τiv( fv), or, in more general terms, τe( fe; { fe˜}).
Let us assume that delays on the edges perform the condition of potentiality:
∂τe( fe; { fe˜})
∂e′
=
∂τe′ ( fe′ ; { fe˜})
∂e
.
A particular case, which is the original Beckmann’s model — is the case when τe( fe; { fe˜}) ≡ τe( fe)).
So
Ψ( f (x)) =
∑
e∈E
fe(x)∫
0
τe(z; {{ fe˜}e˜e
⋃{ fe = z}})dz.
In this case,
∂Ψ( f (x))
∂xp
=
∂
∑
e∈E
fe(x)∫
0
τe(z; {{ fe˜}e˜e
⋃{ fe = z}})dz
∂xp
=
=
∑
e∈E
∂
fe(x)∫
0
τe(z; {{ fe˜}e˜e
⋃{ fe = z}})dz
∂xp
=
=
∑
e∈E
τe( fe, { fe˜})δep =
= Gp,
(2)
ie, the game is still potential.
Let us justify why the previous theorem is true for the case of a generalized Beckmann’s model.
We show that x∗ ∈ X is an Wardrop equilibrium in the game at the expanded graph if and only if,
when it reaches a minimum Ψ(x) on the set X.
Let x∗ ∈ X will be point of minimum. Then, for any paths p, q ∈ Pw (x∗p > 0)and small increment δxp
it is true that
−∂Ψ(x
∗)
∂xp
δxp +
∂Ψ(x∗)
∂xq
δxp  0.
Otherwise, changing in the decomposition of the vector x∗ the component that characterizes the way
p to −δxp , and the component that characterizes the way q to δxp, we would obtain vector y, ftom the
set X, but such that the value
Ψ(y) ≈ Ψ(x∗) − ∂Ψ(x
∗)
∂xp
δxp +
∂Ψ(x∗)
∂xq
δxp < Ψ(x∗),
i.e. contradiction.
So,
−∂Ψ(x
∗)
∂xp
+
∂Ψ(x∗)
∂xq
= −Gp(x∗) +Gq(x∗)  0.
Thus,
∀w ∈ W, p ∈ Pw : x∗p > 0,∀q ∈ Pw => Gq(x∗)  Gp(x∗). (3)
In more simple terms, we ﬁnd that vehicle that passes on the path p, is not beneﬁcial to switch to
any path q, and thus the Wardrop equilibrium is established.
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Conversely, let x∗ ∈ X is equilibrium of Wardrop. Then it is true, that (3).
Therefore, since Gp(x) = ∂Ψ(x)∂xp , then
−Gp(x∗) +Gq(x∗) = −∂Ψ(x
∗)
∂xp
+
∂Ψ(x∗)
∂xq
 0,
⇒
∂Ψ(x∗)
∂xp
δxp − ∂Ψ(x
∗)
∂xq
δxp  0.
Similarly the ﬁrst part of the proof we obtain that if we take the decomposition of x∗ with the same
change, we ﬁnd that for any change of this vector to vector y will be performed that Ψ(y)  Ψ(x∗). But
any change of the vector x∗ can be written as a series of such changes. In fact, let
x∗ = (..., xp1 , ....., xq1 , ., xq2 , .., xpk , ., xqn , );
y = (..., xp1 − Δxp1 , ....., xq1 + Δxq1 , ., xq2 + Δxq2 , .., xpk − Δxpk , ., xqn + Δxqn , ).
Then, as the correspondence remains constant, so Δxp1 + ....Δxpk = Δxq1 + ...Δxqn . Using a method of
successive approximations, by pairwise increasing of q-th component and decreasing of p-th, we change
the vector x∗ to the vector y, moreover
Ψ(x∗)  Ψ(y1)  Ψ(y2)  ...  Ψ(y),
ie, x∗ is the point of minimum Ψ( f (x)).
For this model, the delay in the «deploying edges» depend only on adjacent ﬂows.
With the introduction of explicit functions of delays at traﬃc graph nodes, expressed in [4] and based
on statistics and investigations by other authors functions of dependence of delays occur in isolated edges,
the problem can be reduced to the problem of the explicit form, which initially has a huge computational
complexity.
Thus, the computational complexity of the generalization of the Beckmann’s model increases signiﬁ-
cantly, both because of the introduction of additional edges in the transport graph, and because of the
emergence of a more general kind of dependence τe( fe; { fe˜}).
When searching for the equilibrium distribution of ﬂows frequently assumed that increasing functions
of delays τe( fe) = τ
μ
e ( fe) depend on the parameter μ > 0, and,
τ
μ
e ( fe)
=−−−−→
μ→0+
⎧⎪⎪⎨⎪⎪⎩
te, 0  fe < fe,
[ te,∞), fe = fe. (4)
Other words, on reaching the maximum ﬂow on the edge, delay on it may approach inﬁnity.
At this limit, the initial problem of convex optimization can be rewritten as a linear programming
problem.
Consider the variation of considered problem at change the model by generalizing.
Now, for the edges of diﬀerent types diﬀerent delay functions can be deﬁned. But to reduce the
problem to problem of linear programming, we can introduce function similar type, setting a new meaning
of f for « deploying edges ». Let f iv in general are functions of the traﬃc light modes established on the
considered nodes, that is, are multiplied by the normalization coeﬃcients associated with the desired
mode.
Let us introduce the correction coeﬃcient kiv ∈ [0; 1], associated with traﬃc lights mode for i-th «
deploying edge» of k-th node.
Then, in general, considered delay function can be set at a ﬁxed modes. If we use previously discussed
concept of the eﬀective number of lanes, normalization coeﬃcients will be closely depend on «goals
distriburion» i.e., in this case, from the adjacent ﬂows.
Generally,
τ
μ
e ( f iv)
=−−−−→
μ→0+
⎧⎪⎪⎨⎪⎪⎩
[ tiv · kiv,∞),∃k : f kv  f k.maxv ,
tiv( f iv , { fv}) · kiv, in other cases, .
(5)
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This statement can be interpreted as the fact that if the ﬂow of at least one direction at the node
exceeds maximum allowed, then accumulated queue hinder vehicles from all directions to cross the node,
which is why the delay on the node may approach inﬁnity. If we consider the stationary mode in
equilibrium (Nesterov & de Palma model), then queues on the nodes does not accumulate, so we can
assume that these delay functions are constant and depend, in general, only on the traﬃc light modes.
Without ignoring the eﬀective number of lanes, this problem of convex optimization can not be
reduced to problem of linear programming
In the case of constant delays,
τ
μ
e ( f iv)
=−−−−→
μ→0+
⎧⎪⎪⎨⎪⎪⎩
[ tiv · kiv,∞),∃k : f kv  f k.maxv ,
tiv · kiv, in other cases.
(6)
If we assume that in the transport network can be achieved equilibrium in which all ﬂows of the
edges do not exceed the maximum permissible ﬂow, in general form, the problem is reduced to problem
of linear programming.
In general, if redeﬁne for each road of the node tiv · kiv = te, then problem can be formulated as follows:
min
x∈X, f=Θx, f f
∑
e∈E
fete.
To solve this problem of linear programming the authors of aricle [@@http://arxiv.org/abs/1410.3123v5]
oﬀer to move to the dual problem, reducing the problem of minimizing min
x∈XΨ( f (x)) (from the theorem
1.2) to the dual problem:
min
x∈XΨ( f (x))
μ→0+
= max
tt
{ ∑
w∈W
dwTw(t) −
〈
f , t − t
〉}
, (7)
Tw(t) = min
p∈Pw
∑
e∈E
δepte — the length of the shortest path from i в j (w = (i, j)) on the graph, weighted
according to the vector t.
Therein
τ
μ
e ( fe (x (μ)))
μ→0+−−−−→ te,
where
x(μ) — equilibrium distribution of ﬂows,
t = {te} — the solution of the problem (7).
In general, as we ﬁnd the equilibrium in macrosystems, the same equilibrium in the macrosystem
may correspond to the set of solutions of the microsystem.
3. Methods of regulation of traﬃc lights modes in solving the problem of optimizing equilibrium traﬃc
ﬂows
Let us formulate the problem of minimization of metafunction
min
x∈X, f=Θx, f f
∑
e∈E
fete,
where te := te · ke, ke ∈ [0; 1]|ke = 1 (for ﬂows of the original edges are ﬁxed traﬃc mode « always green» ,
so can be removed corresponding summands, as constants, from the function which we minimizing) for
ﬁxed equilibrium ﬂow { f } = { f ∗}.
Let us consider in more detail on the concept of normalization coeﬃcients ke = kiv. This normalization
coeﬃcient represents the inverse of the time share in the traﬃc light cycle of the direction i in the node
v is free. Generally, coeﬃcients on one node connected to each other in some way, depending on the
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features of this crossroad. For example, the opening of one edge can block the path of vehicle located at
connected with it another edge.
Let us deﬁne a traﬃc light mode at the intersection v of n roads by the Boolean matrix Υv with size
C2n · 2×m, where m — number of possible traﬃc light phases. Here Υv[i, j] = 1, in case when on the phase
j road i is free, and 0 in another case. Then the coeﬃcients on each road will be associated only with
a constant matrix and the duration of traﬃc light phases {cv}. On the one hand, it will complicate the
form of the consideration formulas, on the other - will reduce the number of variables.
For example, for the road of node v, corresponding row i of this matrix,
1
kiv
=
∑m
j=1 Υv[i, j] · c jv∑m
j=1 c
j
v
.
From homogeneity with respect to {c}, we can normalize the phase durations and believe that ∑mj=1 c jv =
1. In this case, assume the form of formula
1
kiv
=
m∑
j=1
Υv[i, j] · c jv.
Since traﬃc lights modes on diﬀerent nodes are independent, this problem can be divided into a set
of simpler subtasks, each of which, because of the small number of parameters has a small computational
complexity.
When solving this task, the following problem arises: the equilibrium ﬂows are rebuilt when changing
the mode, which is why the established mode may be not optimal.
For a real simulation is possible to use the method of successive approximations, but is there any
guarantee that there is a limit mode and limit optimal ﬂows?
Another way — an attempt to pre-decide the general optimization problem both for variables t, as
well as for variables f .
This problem is not a problem of linear programming or close to it.
3.1. Search of ﬂows equilibrium distribution in nonlinear case
Let us return to the concept of the eﬀective number of lanes, that described above. At modiﬁcation
of delays encountered in the « deploying edges » of the original transport graph delays function will be
much more complicated.
@@As we now in the possible case when there are no congestion, so there are no queue on the
crossroad at lights cycle begins and then taking into account the accuracy of the data we can gen
correction coeﬃcient αiv, linked with the case, using Corollary of eﬀective number of lanes in the absence
of asymmetry queues, in this way:
αe({ f }) := αiv =
∑m
j=1 Υv[i, j] · c jv · f iv∑m
j=1 c
j
v ·∑{ fv} .
These factors aﬀect the throughput, while, as previously entered ke coeﬃcients aﬀect the delay time.
Thus, the considered problem takes the following form:
min
x∈X, f=Θx, f f ({ f })
∑
e∈E
fete · ke,
где f ({ f }) := f · αe({ f }).
To ﬁnd a solution to the problem of searching of equilibrium in the transport network with capacity
functions on the edges associated with the ﬂows on connected edges the methods described above are
not suitable. One way to calculate the equilibrium may be methods based on the diﬀerential evolution,
but only for small graphs. In large-scale problems arising tasks require a lot of computational resources
that can overhead existing ones.
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